We study codimension one smooth foliations with singularities on closed manifolds. We assume that the singularities are nondegenerate (of Bott-Morse type) in the sense of Scárdua and Seade (2009) 
Introduction
The study of foliations with singularities is still at its first stages. While the theory of nonsingular foliations is a welldeveloped subject, the study of singular foliations still remains restricted to some cases, essentially of codimension one. A landmark achievement is due to G. Reeb in his series of papers where he introduces, characterizes and applies the notion of stability [6] [7] [8] . A well-known result due to him states that if a closed, oriented, smooth manifold M n admits a transversally oriented codimension one foliation with isolated singularities which are all (nondegenerate) Morse singularities of center type, then there are exactly two such singularities, the leaves are all homeomorphic to spheres of dimension n − 1 and the manifold is homeomorphic to the n-sphere. Moreover, the foliation is given by the fibers of a Morse function with exactly two critical points. This was generalized recently in [1, 2] , proving that if a closed oriented manifold M admits a Morse foliation with more center type singularities than saddle-type singularities then either the manifold is homeomorphic to the n-sphere or it is a Kuiper-Eells manifold. If the dimension is three then the only possibility is the three-sphere. From another viewpoint, there is Molino's theory of Riemannian foliations [5] which is an important subject of current research including the study of cohomogeneity one isometric actions of Lie groups. Important applications in Differential Geometry, more specifically in Theory of Minimal Submanifolds are now notorious [3, 4] . All this is considered in [9] . Our aim in this paper is to present a variant of a fundamental result in [9] , a version of Reeb complete stability theorem for foliations with singularities.
Throughout this paper M will be a connected manifold of dimension m 2 and F a codimension one smooth foliation on M. We denote by sing(F ) the singular set of F . According to [9] the singularities of F are of Bott-Morse type if sing(F ) is a disjoint union of a finite number of disjoint compact connected submanifolds, sing(F ) = In other words, sing( 
where r ∈ {0, . . . ,m} is the Morse index of f at p. The Morse singularity p is a center if r is 0 or m, otherwise p is called a saddle. In a neighborhood of a center, the leaves of
According to [9] a codimension one foliation F with Bott-Morse singularities on M m , m 2 is orientable if there exists
The choice of such a one-form Ω is called an orientation for F . We shall say that F is transversally orientable if there exists a vector field X on M, possibly with singularities at sing(F ), such that X is transverse to F outside sing(F ).
The orientability hypothesis is not a serious restriction on the foliation. Indeed, one can prove, as in the nonsingular case, that given a codimension one foliation F with Bott-Morse singularities on an oriented manifold M, then F is orientable if and only if it is transversally orientable. Moreover, if M is simply-connected then F is always transversally orientable.
Finally, in the classical framework of nonsingular foliations, a compact leaf is stable if it admits a fundamental system of invariant neighborhoods such that on each neighborhood the leaves are compact. In codimension one, this is equivalent to finiteness of the holonomy group of the leaf, as follows from Reeb local stability theorem. We introduce the notion of stability for center components of the singular set of a foliation with Bott-Morse singularities as follows: a center type component N ⊂ sing(F ) is stable if it admits a fundamental system of invariant neighborhoods such that on each neighborhood the leaves are compact. The foliation is stable if all its leaves are compact and stable and all components of the singular set are of center type and stable. Our main result is the following stability theorem: has finite fundamental group. Also the proof of Theorem 1 strongly relies on arguments from the proof of aforementioned Theorem A, inspired in Dipollito's theory of semistability. In order to construct an example of the situation in Theorem 1 it is enough to consider the foliation of the unit sphere S ⊂ R +1 with affine coordinates (x 1 , . . . , x +1 ), by -spheres given by x +1 = cte and take the product of this foliation by a homology-three sphere N. The resulting foliation is compact and has singularities of Bott-Morse type and its singular set consists of two copies of N, both of center type.
Theorem 1 is sharp as shown by examples below.
Examples
Basic examples of foliations with Bott-Morse singularities are given by Bott-Morse functions and by products of Morse foliations by closed manifolds. In [9] one finds an extensive list of foliations with Bott-Morse singularities of center type and various situations modeled by such objects. Next we give two examples showing our result is sharp. The first shows that the codimension 3 condition on the component N with H 1 (N, R) = 0 cannot be dropped in Theorem 1. 1 (L; R) = 0. Given a closed non-exact one-form α in L and a smooth function f : R → R having zeros at its critical points and such that f has only simple critical points (all of them therefore of local form f (t) = t 2 ) we can consider the one-form Ω : . We take f such that t = 0 is a singularity of f and t = 1 is a nonsingular point of f with
Thus Ω defines on M 0 a foliation F 0 , with singular set given by the singular points of f . Then F 0 has Bott-Morse type singularities on the components N r ⊂ M 0 given by ρ = r, where r is a critical point of f . Also because of the type of singularities of f , these components N r are of center type. The nonsingular zeroes of f correspond to compact leaves of F 0 , each of these leaves diffeomorphic to L. Finally, by gluing two copies of the foliation F 0 through the boundary of M 0 (recall that the boundary is a leaf) we obtain a foliation F on a manifold M as claimed above.
Proof of the theorem
The proof of Theorem 1 strongly relies on the following local stability result, similar to Thurston's version of Reeb local stability (Corollary 1 in [10] The following lemma is proved similarly to Lemma 3 p. 203 of [9] . It implies that all the leaves are compact and diffeomorphic.
Lemma 1.
We have Ω(L 0 ) = M \ sing(F ).
The very basic idea is that a boundary leaf L ⊂ ∂Ω(L 0 ) must be compact because it is a limit of compact leaves. Then, because of the triviality of F in Ω(L 0 ) it follows that there is a finite covering of a leaf L 1 ⊂ Ω(L 0 ) onto L and since Once we have proved Lemma 1 we conclude that all leaves are compact and diffeomorphic and therefore each leaf L satisfies H compact and with trivial holonomy so that F is stable and one may proceed as in the proof of Theorem A in [9] in order to conclude the proof of Theorem 1.
